Introduction {#Sec1}
============

The role of MV-algebras introduced in Chang ([@CR13]) for multiple-valued reasoning is well known, see, e.g., the monograph (Cignoli et al. [@CR14]). As shown by Botur and Halaš ([@CR3]), in some problems concerning expert systems in particular or in artificial intelligence in general, associativity of the binary operation of an MV-algebra can produce serious problems, see also, e.g., Chajda and Länger ([@CR7]) for motivation. This was the reason why the so-called non-associative MV-algebras were introduced and studied in Chajda and Kühr ([@CR5]) and Chajda and Länger ([@CR7]). Since MV-algebras form an algebraic semantics of fuzzy logics and because implication is the most fundamental logical connective, some attempts were made to describe so-called implication reducts of MV-algebras. Such reducts were investigated for MV-algebras in Chajda et al. ([@CR9]) under the name weak implication algebras. However, it turns out that these implication reducts are in fact BCK-algebras and the investigations in Chajda et al. ([@CR9]) provide a new axiomatization of BCK-algebras which is very similar to that derived by Abbott ([@CR1]).

Our first goal is to derive an implication algebra (or implication reduct) of the above-mentioned non-associative MV-algebras. The main difference to other implication reducts, e.g., for Boolean algebras in Abbott ([@CR1]), for MV-algebras in Chajda et al. ([@CR9]) or for orthomodular lattices or ortholattices in Abbott ([@CR2]), Chajda et al. ([@CR8]), Chajda et al. ([@CR10]) and Chajda et al. ([@CR11]) is that non-associative MV-algebras do not have a lattice as their underlying structure. Namely, their underlying structure is only a bounded poset equipped with involutions on principal order filters. Hence, our attempt is rather exceptional, but it turns out that it works well and the results are fully comparable with that corresponding to lattice structures.

The second motivation is the fact that the so-called Sheffer operation alias Sheffer stroke was studied by several authors in Boolean algebras (Sheffer [@CR18]), MV-algebras, basic algebras (Oner and Senturk [@CR17]), orthomodular lattices and ortholattices (Chajda [@CR4]), but to our knowledge not on structures which are posets only. In the present paper, we show that we can also introduce and investigate a Sheffer stroke operation in non-associative MV-algebras.

Implication NMV-algebras {#Sec2}
========================

For the reader's convenience, we repeat the definition of our basic concept.
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--------------
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One can immediately see that the above poset is not a lattice. Moreover, $\documentclass[12pt]{minimal}
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Definition 2.3 {#FPar3}
--------------
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Proof {#FPar9}
-----

([8](#Equ8){ref-type=""}) follows from ([2](#Equ2){ref-type=""}) and ([6](#Equ6){ref-type=""}), ([9](#Equ9){ref-type=""}) from ([3](#Equ3){ref-type=""}), ([10](#Equ10){ref-type=""}) from ([1](#Equ1){ref-type=""}), ([2](#Equ2){ref-type=""}) and ([4](#Equ4){ref-type=""}), ([11](#Equ11){ref-type=""}) from ([5](#Equ5){ref-type=""}), ([12](#Equ12){ref-type=""}) from ([1](#Equ1){ref-type=""}) and ([6](#Equ6){ref-type=""}), ([13](#Equ13){ref-type=""}) from ([7](#Equ7){ref-type=""}) and ([14](#Equ14){ref-type=""}) from ([1](#Equ1){ref-type=""}) and ([3](#Equ3){ref-type=""}). $\documentclass[12pt]{minimal}
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Example 2.7 {#FPar10}
-----------
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Theorem 2.8 {#FPar11}
-----------
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Proof {#FPar12}
-----
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(A,\oplus ,\lnot ,0)$$\end{document}$ is an NMV-algebra, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x\rightarrow y\approx \lnot x\oplus y\approx y\oplus \lnot x\approx \lnot y\rightarrow \lnot x \end{aligned}$$\end{document}$$according to ([1](#Equ1){ref-type=""}). If, conversely, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf A$$\end{document}$ satisfies identity ([15](#Equ15){ref-type=""}), then$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\oplus y\approx \lnot x\rightarrow y\approx \lnot y\rightarrow \lnot (\lnot x)\approx \lnot y\rightarrow x\approx y\oplus x$$\end{document}$ according to Lemma [2.5](#FPar6){ref-type="sec"},$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\oplus 0\approx \lnot x\rightarrow 0\approx \lnot (\lnot x)\approx x$$\end{document}$ according to Lemma [2.5](#FPar6){ref-type="sec"},$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\oplus 1\approx \lnot x\rightarrow 1\approx 1$$\end{document}$ according to ([9](#Equ9){ref-type=""}),was proved just before,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lnot (\lnot x\oplus y)\oplus y\approx (x\rightarrow y)\rightarrow y\approx (y\rightarrow x)\rightarrow x\approx \lnot (\lnot y\oplus x)\oplus x$$\end{document}$ according to ([11](#Equ11){ref-type=""}),$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lnot x\oplus (x\oplus y)\approx \lnot x\oplus (y\oplus x)\approx x\rightarrow (\lnot y\rightarrow x)\approx 1$$\end{document}$ according to ([1](#Equ1){ref-type=""}) and ([12](#Equ12){ref-type=""}),$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\oplus (\lnot (\lnot (\lnot (x\oplus y)\oplus y)\oplus z)\oplus z)\approx \lnot x\rightarrow ((((\lnot x\rightarrow y)\rightarrow y)\rightarrow z)\rightarrow z)\approx 1$$\end{document}$ according to ([13](#Equ13){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Recall the following concept (see, e.g., Chajda and Länger [@CR6] or Ježek and Quackenbush [@CR16]):

Definition 2.9 {#FPar13}
--------------
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The concept of a directoid was introduced under the name *commutative directoid with 1* by Ježek and Quackenbush ([@CR16]).

Definition 2.10 {#FPar14}
---------------
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For the following result, see, e.g., Chajda and Länger ([@CR6]) or Ježek and Quackenbush ([@CR16]).

Proposition 2.11 {#FPar15}
----------------
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Definition 2.12 {#FPar16}
---------------

A *directoid with 1 and sectionally switching involutions* is an ordered quadruple $\documentclass[12pt]{minimal}
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Theorem 2.13 {#FPar17}
------------
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Proof {#FPar18}
-----
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Example 2.14 {#FPar19}
------------
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                \begin{document}$$\begin{aligned} \begin{array}{c|cccccc} \sqcup &{} 0 &{} \quad a &{} \quad b &{} \quad c &{} \quad d &{} \quad 1 \\ \hline 0 &{} 0 &{} \quad a &{} \quad b &{} \quad c &{} \quad d &{} \quad 1 \\ a &{} a &{} \quad a &{} \quad c &{} \quad c &{} \quad d &{} \quad 1 \\ b &{} b &{} \quad c &{} \quad b &{} \quad c &{} \quad d &{} \quad 1 \\ c &{} c &{} \quad c &{} \quad c &{} \quad c &{} \quad 1 &{} \quad 1 \\ d &{} d &{} \quad d &{} \quad d &{} \quad 1 &{} \quad d &{} \quad 1 \\ 1 &{} 1 &{} \quad 1 &{} \quad 1 &{} \quad 1 &{} \quad 1 &{} \quad 1 \end{array} \quad \text { and }\quad \begin{array}{c|cccccc} x &{} 0 &{} \quad a &{} \quad b &{} \quad c &{} \quad d &{} \quad 1 \\ \hline f_0(x) &{} 1 &{} \quad d &{} \quad c &{} \quad b &{} \quad a &{} \quad 0 \\ f_a(x) &{} &{} \quad 1 &{} &{} \quad c &{} \quad d &{} \quad a \\ f_b(x) &{} &{} &{} \quad 1 &{} \quad d &{} \quad c &{} \quad b \\ f_c(x) &{} &{} &{} &{} \quad 1 &{} &{} \quad c \\ f_d(x) &{} &{} &{} &{} &{} \quad 1 &{} \quad d \\ f_1(x) &{} &{} &{} &{} &{} &{} \quad 1 \end{array} \end{aligned}$$\end{document}$$

Theorem 2.15 {#FPar20}
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Proof {#FPar21}
-----
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                \begin{document}$$\mathbb I(\mathbf D)=(A,\rightarrow )$$\end{document}$ will be referred to as the *induced implication NMV-algebra*.

We show that the correspondence between induced directoids and induced implication NMV-algebras is one to one.

Theorem 2.16 {#FPar22}
------------
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Proof {#FPar23}
-----
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Next we investigate when the sections of an implication NMV-algebra are NMV-algebras again.

Theorem 2.17 {#FPar24}
------------
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Proof {#FPar25}
-----

Although some of the following calculations were already done in previous parts of the paper, these calculations were not done in connection with the operations $\documentclass[12pt]{minimal}
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Let us note that, contrary to Theorem [2.17](#FPar24){ref-type="sec"}, in Theorem [2.15](#FPar20){ref-type="sec"} we do not assume condition ([16](#Equ16){ref-type=""}).

Unfortunately, condition ([16](#Equ16){ref-type=""}) need not be satisfied even in an implication NMV-algebra induced by an NMV-algebra. It is worth noticing that this disadvantage disappears if so-called weak MV-algebras are considered instead of NMV-algebras. These weak MV-algebras were introduced and studied by the Halaš and Plojhar ([@CR15]).
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Congruence properties of implication NMV-algebras {#Sec3}
=================================================

The congruence properties of the variety of NMV-algebras were investigated in Chajda and Kühr ([@CR5]) and Chajda and Länger ([@CR7]). Since implication NMV-algebras form a variety, too, it is natural to ask what congruence properties are satisfied by this variety. One can hardly expect that the variety of implication NMV-algebras satisfies the same congruence properties as the variety of NMV-algebras because in the latter the existence of a zero element plays a fundamental role. On the other hand, we will show that the variety of implication NMV-algebras satisfies similar congruence properties as the varieties of orthoimplication algebras (Abbott [@CR2]), implication MV-algebras (Chajda et al. [@CR9]) or orthomodular implication algebras (Chajda et al. [@CR8], [@CR10]).
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From Chajda et al. ([@CR12]), we take the following well-known facts:
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-----
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Since implication NMV-algebras satisfy ([8](#Equ8){ref-type=""}), ([10](#Equ10){ref-type=""}) and ([11](#Equ11){ref-type=""}), we obtain

Theorem 3.2 {#FPar29}
-----------

The variety of implication NMV-algebras is 3-permutable, permutable at 1 and weakly regular.

In the case of implication NMV-algebras with 0 and antitone negation, we obtain a stronger result.

Theorem 3.3 {#FPar30}
-----------
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Proof {#FPar31}
-----
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Sheffer stroke NMV-algebras {#Sec4}
===========================

A binary operation called Sheffer stroke was introduced by Sheffer ([@CR18]) in order to have the single operation on a Boolean algebra which generates the clone of all Boolean operations. It has an important application in chip technology since it enables to have all the diods on the chip forming processor in a computer in a uniform manner. This is simpler and cheaper than to produce different diods for disjunction, conjunction and negation. Sheffer operations were also introduced in other algebras which form an algebraic semantic of non-classical logics such as orthomodular lattices, ortholattices (Chajda [@CR4]) or basic algebras (Oner and Senturk [@CR17]). However, all of these algebras have a lattice structure which is not the case for NMV-algebras. Contrary to this, we are able to define a Sheffer operation also for NMV-algebras and their implication reducts.

Definition 4.1 {#FPar32}
--------------

A *strong Sheffer stroke NMV-algebra* is an algebra (*A*, \|, 1) of type (2, 0) satisfying the identities$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&x|y \approx y|x, \\&x|0 \approx 1, \\&(x|1)|1 \approx x, \\&((x|1)|y)|y \approx ((y|1)|x)|x, \\&(x|1)|((x|y)|1) \approx 1, \\&x|(((((x|y)|y)|z)|z)|1) \approx 1, \end{aligned}$$\end{document}$$where 0 denotes the algebraic constant 1\|1. The operation \| will be called the *strong Sheffer stroke*.

We justify the name strong Sheffer stroke NMV-algebra, respectively, strong Sheffer stroke by the following result.

Theorem 4.2 {#FPar33}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf A=(A,\oplus ,\lnot ,0)$$\end{document}$ be an NMV-algebra and put$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x|y:= & {} \lnot x\oplus \lnot y \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y\in A$$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb S(\mathbf A):=(A,|,1)$$\end{document}$ is a strong Sheffer stroke NMV-algebra.

Proof {#FPar34}
-----

The following identities are satisfied:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Of course, our main goal is to prove that the strong Sheffer stroke acts on NMV-algebras in an analogous way as the Sheffer stroke does on Boolean algebras, i.e., every operation of an NMV-algebra can be expressed by means of the strong Sheffer operation and the constant 1.

Theorem 4.3 {#FPar35}
-----------
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                \begin{document}$$\mathbb A(\mathbf S):=(A,\oplus ,\lnot ,0)$$\end{document}$ is an NMV-algebra.

Proof {#FPar36}
-----
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We are now able to prove that the correspondence just considered is one to one.

Theorem 4.4 {#FPar37}
-----------

The above-mentioned correspondence is one to one.

Proof {#FPar38}
-----
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We continue our investigations by considering implication NMV-algebras. Surprisingly, a Sheffer stroke can be introduced also in this case, but some of the axioms must be modified.

Definition 4.5 {#FPar39}
--------------

A *weak Sheffer stroke NMV-algebra* is an algebra (*A*, \|, 1) of type (2, 0) satisfying the identities$$\documentclass[12pt]{minimal}
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Similarly as before, the weak Sheffer stroke NMV-algebra can be derived by means of an implication NMV-algebra as follows.

Theorem 4.6 {#FPar40}
-----------
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Proof {#FPar41}
-----

The following identities are satisfied:$$\documentclass[12pt]{minimal}
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Analogously, as it was the case for the strong Sheffer stroke, the weak Sheffer operation generates the fundamental operations of an implication NMV-algebra with 0.

Theorem 4.7 {#FPar42}
-----------
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Proof {#FPar43}
-----
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Again we can prove that the correspondence described by the last two theorems is one to one.

Theorem 4.8 {#FPar44}
-----------

The above-mentioned correspondence is one to one.

Proof {#FPar45}
-----
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